Reconciliation of generalized refraction with diffraction theory 
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When an electromagnetic wave is obliquely incident on the interface between two homogeneous 
media with different refractive indices, the requirement of phase continuity across the interface 
generally leads to a shift in the trajectory of the wave. When a linearly position dependent phase 
shift is imposed at the interface, the resulting refraction may be described using a generalized version 
of Snell's law. In this Letter, we establish a formal equivalence between generalized refraction and 
blazed diffraction gratings, further discussing the relative merits of the two approaches. 



The phase of an electromagnetic wave must be contin- 
uous across the homogeneous interface between two me- 
dia. This constancy of phase underlies the phenomenon 
of wave refraction, in which the trajectory of a wave 
obliquely incident on the interface between two media 
with distinct refractive indices is altered as the wave 
crosses the interface. For plane waves, refraction is com- 
pactly and quantitatively expressed through Snell's law, 
which relates the incident and transmitted wave trajecto- 
ries to the refractive indices of the two media. More sim- 
ply stated, if the refractive indices of two media differ, the 
wavelengths of the waves propagating inside those media 
also differ, and the electromagnetic wave must bend at 
the interface to preserve the phase continuity (except for 
normal incidence). 

This simple picture breaks down if a phase shift is in- 
troduced at the interface. Such a phase shift can be cre- 
ated by a very thin layer through the use of metamaterial 
elements, subwavelength gratings, and many other sim- 
ilarly patterned structures. In general, the phase shift 
alters the continuity relation across the interface. If the 
phase shift is position independent, then the standard 
Snell's law remains valid. If the phase shift is position 
dependent, the refraction and reflection at the interface 
generally produce many plane waves propagating at var- 
ious angles; for this case, refraction cannot be described 
by a single angle, and Snell's law is not applicable. 

For the special case of a phase shift that varies lin- 
early as a function of the position along the interface, 
an incident plane wave remains intact and is bent by an 
amount proportional to the phase gradient. A thin layer 
with an artificially introduced linear gradient index can 
be used to steer a wave, as has been demonstrated in sev- 
eral experiments using metamaterial elements [1]. More 
recently, Yu et al. demonstrated beam steering at mid- 
infrared wavelengths using a single layer of lithographi- 
cally patterned metamaterial elements to achieve the re- 
quired phase gradient in the cross-polarization wave Q . 
Ni et al. extended this work to telecommunication wave- 
lengths 0. For a purely linear gradient, the angles of 
the incident and transmitted waves can be related by a 



modified version of Snell's law that includes the phase 
gradient as an additional parameter. 

The configuration of interest, illustrated in Fig.[TJ con- 
sists of two dielectric media separated by a thin gradient 
layer which is characterized by a phase shift $(x) that 
varies linearly as a function of a coordinate x in the plane 
of the interface. A plane wave of wavelength A propa- 
gates in the plane containing the x axis and the normal 
to the interface. For this case, the refracted wave is also 
a plane wave, and the propagation angles of the incident 
and refracted waves, 9i and Oq, are related by 



n; sin 6i 



A d$(a;) 
27r dx 



(1) 



where rii and rio are the refractive indices of the input and 
output media, respectively. A similar correction must be 
applied to calculate the angle of the reflected wave. While 
Eq.[l]might be considered a generalized version of Snell's 
law, it is important to note that the equation actually 
encapsulates both refraction as well as wave propagation 
through an inhomogeneous medium (the gradient index 
layer). That a simple expression is realized is convenient, 
but rather specific to the profile considered. In general, 
neither refraction nor Snell's law can be strictly applied 
to an inhomogeneous interface. 
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FIG. 1. Schematic representation of general refraction. When 
a surface between two media introduces phase shift ^(x) de- 
pending linearly on x, the beam is refracted at an angle dif- 
ferent than that given by the standard Snell's law. 
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A difBculty with a monotonically increasing or decreas- 
ing phase is the large total gradient required. Even with 
metamaterials, the available index differential is limited. 
The steering of a wave can still be achieved, however, by 
noting that, in the steady state regime, any phase shift 
$ + fc27r, where k is in integer, has the same effect as 
a phase shift This degeneracy allows one to fold the 
linear $(a;) into a triangular phase profile. A triangu- 
lar phase profile was employed for the realization of the 
sample in Ref. [3, for example, as a practical means of 
achieving the linear profile. 

Once periodicity has been introduced to the gradient 
profile, the possibility of diffraction cannot be ruled out. 
In fact, the triangular shape of the folded linear profile 
coincides with that of a blazed diffraction grating [1]. 
A blazed grating is traditionally realized by varying the 
thickness of a grating following a saw-tooth profile in or- 
der to introduce a phase shift profile identical to that of 
the folded generalized refraction sample. The purpose 
of a blazed grating is to reduce or eliminate coupling of 
the incident wave to all save a single diffracted order. 
With a single plane wave produced in reflection or trans- 
mission, a blazed grating can alternatively be viewed as 
steering the incident beam. Blazed gratings can be re- 
alized by other means of introducing a saw-tooth phase 
profile, such as by varying the refractive index of a uni- 
form thickness layer [5|, |6| . 

In the far field, the diffraction pattern is the Fourier 
transform of the complex transmission of the diffraction 
device. In the case of an infinitely periodic diffraction 
grating, the diffraction pattern is the product of a Dirac 
comb, and the Fourier transform of the motif of every 
period. The position of the diffraction peaks is given by 
the diffraction equation. 



rio sin 9o — n-i sin 9{ 



A 



(2) 



where d is the period of the grating and m, an integer, 
is the order of the diffraction peak. The Dirac comb can 
therefore be expressed as 



m— — oo 



m 

"-7 



where d{) is the Dirac delta function and 
□ sin 60 — Jii sin 9i 



a 



A 



(3) 



(4) 



If <I>(x) varies linearly by 27r over a distance d, then 
d^{x)/dx — 2n/d and Eq. [T] predicts a generalized re- 
fraction angle equal to the first diffraction order (m = 1). 
That case correspond to a motif that is a simply a linear 
phase change multiplied by a rectangular function 
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FIG. 2. (top) Transmission amplitude (red) and phase (blue), 
and (bottom) diffraction pattern of the motif of a blaxed 
diffraction grating. The intensity has been normalized by d? . 



The diffraction pattern of this motif is 



J^{t-mof-Li{x)} = rfsinc 1 " - ^ 



(6) 



The motif and its diffraction pattern are shown in Fig. [2] 
It should be noted that the diffraction pattern of the 
motif is for all a = m/d^ except for m = 1. Therefore, 
the diffraction pattern of the infinitely periodic blazed 
diffraction grating, which is the product of Eqs [3] and HI 
is null everywhere except at a = 1 /d, exactly as predicted 
by generalized refraction. 

If the grating has a finite number of periods, every 
diffraction peak has a finite width and is a sine function 
instead of being a Dirac delta function. Fig. [3] shows 
the transmission and the diffraction pattern of a 8-period 
blazed diffraction grating. 

Up to this point, the diffraction angles have been ex- 
pressed by a. Using appropriate values for 0i, rij and no 
one can easily calculate 9o using Eq.|31 Fig.|3]presents the 
diffraction angles in the conditions considered in Fig. 2 
of Ref. S The first diffraction order correspond to the 
generally refracted beam. In certain conditions, the in- 
put and output angles are of different signs, which can be 
called negative refraction. However, it should be noted 
that this phenomenon is quite different from negative re- 
fraction occuring in negative refractive index metamate- 
rials and cannot lead to perfect lenses [TS] . 

If should be noted that diffraction theory can be ap- 
plied even if the phase profile is not periodic. For the 
linear phase profile, the diffraction pattern is simply 



''motif 



(x) — rect X expi27r {-^ — \ 



(5) 
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FIG. 3. (top) Transmission amplitude (red) and phase (blue), 
and (bottom) diffraction pattern of a 8-period blazed grating. 
The intensity has been normalized by (8d)^. 
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FIG. 4. Diffraction angles for a wavelength of 8 fim, a period 
is 15 /im, a silicon input medium, and a air output medium. 
The m = (blue) line correspond to normal refraction while 
m = 1 (red) corresponds to general refraction. Shaded regions 
correspond to negative refraction. 

giving the exact same result as the infinite extent blazed 
diffraction grating. However, in addition to the practical 
reasons, we see an advantage in using a grating rather 
and a truly linear phase profile. In the former case, the 
diffraction angle is governed by the periodicity of the 
grating and is unaffected by errors in the phase profile. 
In the latter case, if $(a;) does not have the correct slope, 
the position of the generally refracted beam is affected. 
For example, Fig. [5] shows a blazed grating with only ^tt 
phase contrast. Some energy bleeds into other diffraction 
peaks, but the position of the first diffraction peak is 
unchanged. 

Furthermore, we believe that the diffraction formalism 
has advantages over the general refraction formalism. For 
example, when realized with metamaterial elements, such 
as in Ref. '3, the phase profile needs to be discretized and 



FIG. 5. (top) Transmission amplitude (red) and phase (blue), 
and (bottom) diffraction pattern of a 8-period blazed grating 
with sub-optimal phase thickness. The intensity heis been 
normalized by (8d)^. 



only the diffraction formalism allows one to determine 
the effect of the discretization. The effect of many fac- 
tors, such as the number of phase levels, absorption, and 
impedance mismatch, on the performance of metamate- 
rial based blazed diffraction gratings has been studied 
recently [1]. 

In conclusion, we believe that the generalized diffrac- 
tion approach is valid, but works only in the simple case 
of a linear phase profile. The diffraction approach gives 
identical results for that case, but can also be applied to 
more complex phase profiles. 
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